Ŕřěďěńĳŋżě šěőřěňż ďń£ ŋěśĺňňěšřĺůŋżţ šřăŋśŕőřšŋżţ śěšěľ^∗

Ď. Ć. ŢŇĚŃ-ĚĆ

Ňőśłőćśłĺľ čőśşďăřśšćěŋŋżľ şŋĺćěřśĺšěš ĺň. Ň. Ć. Ńőňőŋőśőćă e-mail: dima@vvv.srcc.msu.su

ŞĎŁ 519.216

Łń¿ůěćżě śńőćă: ňăřłőćśłĺľ ŕřőűěśś, ŕřőĺğćőď£źĺľ őŕěřăšőř, śšăűĺőŋăřŋżě ňěřż, śţőďĺňőśšĳ, ŋěńĺŋěľŋżě ďĺťťěřěŋűĺăńĳŋżě şřăćŋěŋĺ£, śšăűĺőŋăřŋżě šőůłĺ, čńőąăńĳŋă£ ăśĺňŕšőšĺůěśłă£ şśšőľůĺćőśšĳ.

Ăŋŋőšăűĺ£

Řăśśňăšřĺćăěšś£ ŕőśńěďőćăšěńĳŋőśšĳ ňőďěńěľ ăśĺňňěšřĺůŋőľ šřăŋśŕőřšŋőľ śěšĺ, łőšőřżě őŕĺśżćă¿šś£ ňăřłőćśłĺňĺ ŕřőűěśśăňĺ UN (t). Ŕřőűěśśż ¡ćőń¿űĺőŋĺřş¿š ć łőňŕăłšŋőň ŕőďňŋőęěśšćě łőŋěůŋőňěřŋőčő ďěľśšćĺšěńĳŋőčő ŕřőśšřăŋśšćă Rff. Ďőłăğăŋă śţőďĺňőśšĳ UN (t) ŕő ćěřő£šŋőśšĺ ł ŋěńĺŋěľŋőľ ďĺŋăňĺůěśłőľ śĺśšěňě g → u(t, g) (ć ŕřěďŕőńőęěŋĺĺ śţőďĺňőśšĺ ŋăůăńĳŋżţ řăśŕřěďěńěŋĺľ UN (0) → 0). Ďĺŋăňĺůěśłă£ śĺśšěňă őąńăďăěš ěďĺŋśšćěŋŋőľ ĺŋćăřĺăŋšŋőľ ňěřőľ, ł łőšőřőľ ŕřĺ N → ∞ śţőď£šś£ ĺŋćăřĺăŋšŋżě ňěřż ŕřőűěśśă UN (t).

Abstract

D. V. Khmelev, Limit theorems for asymmetric transportation networks, Fundamentalnaya i prikladnaya matematika, vol. 7 (2001), no. 4, pp. 1259{1266.

We consider a model of an asymmetric transportation network. The transportation network is described by the Markov process UN(t). This process has values in a compact subset of the ˛nite-dimensional real vector space Rff. We prove that

UN^{(t) converges in distribution to a non-linear dynamical system} g^→ u^{(t,} g^{) (as-}

suming convergence of initial distributions UN (0) → g), where g ∈ Rff. The dynamical system has the only invariant measure to which the invariant measures of processes UN (t) converge as N → ∞.

Ĺğşůěŋĺě ăśĺňŕšőšĺůěśłőčő ŕőćěďěŋĺ£ śĺśšěň śő śńőęŋőľ ďĺśűĺŕńĺŋőľ őąśńşęĺćăŋĺ£ £ćń£ěšś£ ŕőŕşń£řŋőľ őąńăśšĳ¿ ĺśśńěďőćăŋĺľ ĺ ĺňěěš řăğŋőőąřăğŋżě ŕřĺńőęěŋĺ£, śň., ŋăŕřĺňěř, [1{5]. Ć ďăŋŋőľ řăąőšě řăśśňăšřĺćăěšś£ śěšĳ ĺğ N şğńőć (śšăŋűĺľ), łőšőřżě ďěń£šś£ ŋă n řăľőŋőć. Ŕřĺ şćěńĺůěŋĺĺ N łőńĺůěśšćő řăľőŋőć őśšăěšś£ ŋěĺğňěŋŋżň. Łőńĺůěśšćő śšăŋűĺľ ć řăľőŋě j řăćŋő

d^N_j N ,^n ∑ j=1 d^N_j = 1, d^N_j N | űěńőě ůĺśńő ďń£ ćś£łĺţ j ĺ N . Śşźěśšćş¿š šăłĺě

d_j > 0, ůšő √ N (d^N_j − d_j )^{N→∞}−→ 0 ďń£ j = 1, n. Ďăńěě j ĺ v őąőğŋăůă¿š ŋőňěř

�Řăąőšă ůăśšĺůŋő ŕőďďěřęăŋă čřăŋšőň ISSEP s98-2042.

Ťşŋďăňěŋšăńĳŋă£ ĺ ŕřĺłńăďŋă£ ňăšěňăšĺłă, 2001, šőň 7, Â 4, ś. 1259{1266. © 2001 Űěŋšř ŋőćżţ ĺŋťőřňăűĺőŋŋżţ šěţŋőńőčĺľ ŇČŞ,

Ĺğďăšěńĳśłĺľ ďőň ÀŐšłřżšżě śĺśšěňżÁ

řăľőŋă ĺ ňőčşš ŕřĺŋĺňăšĳ ğŋăůěŋĺ£ őš 1 ďő n. Ŋă śšăŋűĺ¿ ć řăľőŋě j šřěąőćăŋĺ£ ŕőśšşŕă¿š ŕşăśśőŋőćśłĺň ŕőšőłőň ś ĺŋšěŋśĺćŋőśšĳ¿ λ_j > 0. Ěśńĺ ŋă śšăŋűĺĺ ŋěš ŋĺ őďŋőčő ŕřĺąőřă, ğă£ćłă šěř£ěšś£. Ĺŋăůě ŕřĺąőř ŕěřěňěźăěš ğă£ćłş.

Ŕěřěňěźěŋĺě ňőďěńĺřşěšś£ śńěďş¿źĺň őąřăğőň. Ŕřĺąőř ćżąĺřăěš ćĺřšşăńĳŋżľ şğěń (j, v) ś ćěřő£šŋőśšĳ¿ p_{jv}, őśšă-ěšś£ šăň ¡łśŕőŋěŋűĺăńĳŋő řăśŕřěďěń-ěŋŋőě ćřěň£ ś ňăšěňăšĺůěśłĺň őęĺďăŋĺěň 1/μ_{jv} ĺ ğăšěň řăćŋőćěřő£šŋő ŋăşčăď ćżąĺřăěš śšăŋűĺ¿ ć řăľőŋě v. Ňăšřĺűă P = {p_{jv}}_{j,v}=1_{,n} śšőţăśšĺůěśłă£. Ćśě śšăŋűĺĺ řăľőŋă v őďŋőšĺŕŋż: ŋă łăęďőľ ĺğ ŋĺţ ňőęěš ąăğĺřőćăšĳś£ ŋě ąőńěě m_v ŕřĺąőřőć. Ěśńĺ ŕřĺąőř, łőšőřżľ ŕřĺążń ć řăľőŋ v, ŋě ŋăţőďĺš śćőąőďŋőľ śšő£ŋłĺ, šő őŋ ŋăŕřăćń£ěšś£ (ąěğ šřěąőćăŋĺ£) ć ćĺřšşăńĳŋżľ şğěń (v, l) ć śőőšćěšśšćĺĺ śő śšőţăśšĺůěśłőľ ňăšřĺűěľ ~P = {~p_{vl}}_{v,l}=1_{,n}; ŕěřćőŋăůăńĳŋő ŋă ćśěţ śšăŋűĺ£ţ ć řăľőŋě j ŋăţőďĺšś£ r_j ŕřĺąőřőć, čďě r_j | űěńżě ůĺśńă őš 1 ďő m_j . Ďń£ šőčő ůšőąż ŋăÿĺ šěőřěňż ążńĺ śŕřăćěďńĺćż, ŋěőąţőďĺňő śńěďş¿źěě őčřăŋĺůěŋĺě: ňăšřĺűă (P + ~P )/2 ďőńęŋă ążšĳ ňăšřĺűěľ ŕěřěţőďŋżţ ćěřő£šŋőśšěľ ¡řčőďĺůŋőľ űěŕĺ Ňăřłőćă. Ŕőďőŕń-ěłă ŕőśńěďŋěčő şśńőćĺ£ śőśšőĺš ć šőň, ůšő ŕřĺąőřż ňőčşš ŕőŕăśšĳ ĺğ ń¿ąőčő řăľőŋă ć ń¿- ąőľ ďřşčőľ. İšă śĺśšěňă £ćń£ěšś£ őąőąźěŋĺěň śĺśšěňż, řăśśňăšřĺćăćÿěľś£ ć [1] ĺ [4], ć śšőřőŋş ăśĺňňěšřĺĺ.

Őąőğŋăůĺň ůěřěğ f_{j,i} łőńĺůěśšćő şğńőć ś i ŕřĺąőřăňĺ ć łńăśšěřě j, ůěřěğ V_{jv} łőńĺůěśšćő ŕřĺąőřőć ć ćĺřšşăńĳŋőň şğńě (j, v). Őŕřěďěńĺň u_{j,i} = m_j∑ k=i f_{ji}/N, M_{jv} = V_{jv}/N. Ďń£ j = 1, . . ., n d^N_j = u_{j,}0 ¿ u_{j,}1 ¿ . . . ¿ u_{j,mj} ¿ u_{j,mj} +1 = 0 (1)

ĺ ďń£ v = 1, . . . , n

M_{jv} ¿ 0 ĺ n∑ j=1 ( m_j∑ i=1 u_{j,i} + n∑ v=1 M_{jv} ) = n∑ j=1 r_jd^N_j . (2)

Őąőğŋăůĺň ůěřěğ U_N ňŋőęěśšćő ćěłšőřőć u = (u1_,1, . . . , u1_{,m1} , u2_,1, . . . , u_{n,mn} , M11, M12, . . . , M_{nn})^T, şďőćńěšćőř£¿źĺţ (1) ĺ (2), čďě u_{j,i} = x_{j,i}/N , M_{jv} = y_{jv}/N ĺ x_{j,i}, y_{jv} | ŋěőšřĺűăšěńĳŋżě űěńżě ůĺśńă.

Őąőğŋăůĺň ůěřěğ U ňŋőęěśšćő šăłĺţ ćěłšőřőć u = (u1_,1, . . . , u1_{,m1} , u2_,1, . . . , u_{n,mn} , M11, M12, . . . , M_{nn})^T, ůšő ďń£ j = 1, . . . , n

d_j = u_{j,}0 ¿ u_{j,}1 ¿ . . . ¿ u_{j,mj} ¿ u_{j,mj} +1 = 0 (3)

ŔŘĚĎĚŃĲŊŻĚ ŠĚŐŘĚŇŻ ĎŃ§ ŊĚŚĹŇŇĚŠŘĹŮŊŻŢ ŠŘĂŊŚŔŐŘŠŊŻŢ ŚĚŠĚĽ1261

ĺ ďń£ v = 1, n

M_{jv} ¿ 0 ĺ n∑ j=1 ( m_j∑ i=1 u_{j,i} + n∑ v=1 M_{jv} ) = n∑ j=1 r_jd_j. (4)

Őůěćĺďŋő, U_N ⊂ (1/N )Z^α ĺ U ⊂ R^α, čďě α = n2 +^n ∑ j=1 k_j. Ďń£ l = 1, . . . , α őąőğŋăůĺň ůěřěğ e_l ∈ R^α ćěłšőř, ş łőšőřőčő łőőřďĺŋăšă l řăćŋă 1, ă ćśě őśšăńĳŋżě | ŋşń¿.

Ŕşśšĳ e_{uj,i} (e_{Mjv} ) | ěďĺŋĺůŋżľ ćěłšőř e–(_{uj,i}) (e–(_{Mjv} )), čďě –(u_{j,i})

(–(Mjv)) ğăďă-ěš łőőřďĺŋăšş ć ćěłšőřě u ∈ U, śőőšćěšśšćş¿źş¿ uj,i (Mjv).

Ĺğ ďăŋŋőčő ćżÿě őŕĺśăŋĺ£ śńěďşěš, ůšő ňż řăśśňăšřĺćăěň őďŋőřőďŋş¿ űěŕĳ Ňăřłőćă ś ŕřőĺğćőď£źĺň őŕěřăšőřőň

A_N f(u) = ∫ K_N (u, dy)[f(u + y) − f(u)], (5)

čďě K_N (u, dy) | śńěďş¿źěě ďĺśłřěšŋőě ŕěřěţőďŋőě £ďřő ŕřĺ u ∈ U_N :

K_N (u, dy) = ďń£ j = 1, n, i = 1, m_j, v = 1, n ś ćěśőň N λ_j(u_{j,i} − u_{j,i}+1)p_{jv} ć šőůłě (−e_{uj,i} + e_{Mjv} )/N , ďń£ j, v = 1, n, i = 1, m_v ś ćěśőň N μ_{jv}M_{jv}(u_{v,i−}1 − u_{v,i})/d^N_v ć šőůłě (e_{uv,i} − e_{Mjv} )/N , ďń£ j, v = 1, n, l = 1, n ś ćěśőň N μ_{jv}M_{jv}u_{v,mv} ~p_{vl}/d^N_v ć šőůłě (−e_{Mjv} + e_{Mvl} )/N , čďě u_{j,}0 = d^N_j ĺ u_{j,mj} +1 = 0. Őąńăśšĳ őŕřěďěńěŋĺ£ D(A_N ) őŕěřăšőřă A_N £ćń£ěšś£ ŋěłőšőřżň ŕőďŕřőśšřăŋśšćőň C(U_N ) ŋěŕřěřżćŋżţ ťşŋłűĺľ ŋă U_N . Ŕěřćă£ čřşŕŕă ćěśőć śőőšćěšśšćşěš ŕřĺążšĺ¿ ğă£ćłĺ ć şğěń ć řăľőŋě j. Ćšőřă£ čřşŕŕă ćěśőć śőőšćěšśšćşěš ŕřĺążšĺ¿ ŕřĺąőřă ć řăľőŋ v. Šřěšĳ£ čřşŕŕă ćěśőć őšŋőśĺšś£ ł śńşůă¿ ŕěřěŕőńŋěŋĺ£ ůĺśńă ŕřĺąőřőć ć řăľőŋě v (u_{j,i} − u_{j,i}+1 ěśšĳ ćěřő£šŋőśšĳ šőčő, ůšő ŋăşčăď ćżąřăŋŋżľ şğěń őšŋőśĺšś£ ł řăľőŋş j ĺ ĺňěěš i ŕřĺąőřőć).

Ňż ďőłăęěň (šěőřěňă 2), ůšő ďń£ ń¿ąőčő łőŋěůŋőčő ĺŋšěřćăńă ćřěňěŋĺ ŕřĺ N → ∞ ¡ćőń¿űĺ£ u şďőćńěšćőř£ěš ğăłőŋş ąőńĳÿĺţ ůĺśěń ĺ ŕřěďěńĳŋă£ ďěšěřňĺŋĺřőćăŋŋă£ ďĺŋăňĺłă őŕĺśżćăěšś£ řěÿěŋĺěň śńěďş¿źěľ śĺśšěňż ŋěńĺŋěľŋżţ ďĺťťěřěŋűĺăńĳŋżţ şřăćŋěŋĺľ: ∂u_{j,i} ∂t = M^ju_{j,i−}1/d_j − (λ_j + M^j/d_j)u_{j,i} + λ_j u_{j,i}+1, ∂M_{jv} ∂t = λ_j u_{j,}1p_{jv} − μ_{jv}M_{jv} + M^ju_{j,mj} ~p_{jv}/d_j (6) ŕřĺ j, v = 1, n, i = 1, m_j, čďě u_{j,}0(t) = d_j, u_{j,mj} +1(t) = 0 ďń£ ćśěţ t ĺ M^j(t) = =^n ∑ l=1 μ_{lj} M_{lj} (t). Ďăńěě ňż řăśśňőšřĺň řěÿěŋĺě (6) ś ŋăůăńĳŋżňĺ şśńőćĺ£ňĺ u_{j,i}(0) = g–(_{uj,i}), M_{jv}(0) = g–(_{Mjv} ). (7) Őąőğŋăůĺň ůěřěğ u(t, g) řěÿěŋĺě ğăďăůĺ Łőÿĺ (6) ĺ (7), u(0, g) = g.

Ňăřłőćśłĺľ ŕřőűěśś U_N = U_N (t), őŕřěďěń£ěňżľ őŕěřăšőřőň (5) śő ğŋăůěŋĺ£ňĺ ć U_N , őŕřěďěń£ěš ŕőńşčřşŕŕş T_N (t) ŋă ŕřőśšřăŋśšćě ŋěŕřěřżćŋżţ ťşŋłűĺľ C(U_N ). Ěśńĺ f : U_N → R, šő T_N (t)f(u) = E(f(U_N (t)) | U_N (0) = u), u ∈ U_N .

Ŕşśšĳ γ^N_j = d^N_j /d_j. Ńĺŋěľŋżľ őŕěřăšőř η_N : U → R^α őšőąřăęăěš u ∈ U ć (γ^N1 u1_,1, . . . , γ^N1 u1_{,m1} , γ^N2 u2_,1, . . . , γ^N_n u_{n,mn} , M11, M12, . . . , M_{nn})^T. Őąńăśšĳ őŕřěďěńěŋĺ£ D(η_N ) őŕěřăšőřă η_N ćłń¿ůăěš ćśě u ∈ U, ďń£ łőšőřżţ η_N (u) ∈ U_N .

Ďń£ x ∈ R^α ććěď-ěň ŋőřňş ‖x‖ = α∑ i=1 |x_i|. Šěőřěňă 1. Śŕřăćěďńĺćż śńěďş¿źĺě şšćěřęďěŋĺ£.

(ă) Ć U śşźěśšćşěš, ěďĺŋśšćěŋŋő ĺ ŋěőčřăŋĺůěŋŋő ŕřőďőńęăěňőě řěÿěŋĺě u(t, g) ğăďăůĺ Łőÿĺ (6), (7).

(ą) Ć ňŋőęěśšćě U śşźěśšćşěš ěďĺŋśšćěŋŋőě śšăűĺőŋăřŋőě řěÿěŋĺě g^∗ ∈ U: u(t, g^∗) = g^∗.

(ć) Ďń£ ŋěłőšőřőčő γ > 0 ďń£ ń¿ąőčő g ∈ U ‖u(t, g) − g^∗‖ 6 const e^{−tγ} . Ŕşśšĳ C(U) | ńĺŋěľŋőě ŕřőśšřăŋśšćő ťşŋłűĺľ, ŋěŕřěřżćŋżţ ŋă U. Šěőřěňă 2. Ďń£ ń¿ąőľ f ∈ C(U) ďń£ ń¿ąőčő t ¿ 0 lim_{N→∞} sup 06s6t sup g∈D(ηN ) |T_N (t)f(η(g)) − f(u(t, g))| = 0.

Őąőğŋăůĺň ůěřěğ εg řăśŕřěďěńěŋĺě, śőśřěďőšőůěŋŋőě ć šőůłě g ∈ U. Šěőřěňă 3. Ěśńĺ U_N (0) śńăąő śţőďĺšś£ ł εg, šő ∀t sup 06s6t ‖U_N (t) − u(t, g)‖ → 0 ŕő ćěřő£šŋőśšĺ.

Ňăřłőćśłĺľ ŕřőűěśś U_N őąńăďăěš ěďĺŋśšćěŋŋőľ śšăűĺőŋăřŋőľ ňěřőľ μ_N . Šěőřěňă 4. μ_N śńăąő śţőďĺšś£ ł εg� .

Ŕőńőęĺň ć śĺśšěňě (6) ńěćżě ůăśšĺ řăćŋżňĺ 0. Ňż ŕőńşůăěň śńěďş¿źş¿ śĺśšěňş ŋěńĺŋěľŋżţ ăńčěąřăĺůěśłĺţ şřăćŋěŋĺľ: 0 = M^ju_{j,i−}1/d_j − (λ_j + M^j/d_j)u_{j,i} + λ_ju_{j,i}+1, 0 = λ_j u_{j,}1p_{jv} − μ_{jv}M_{jv} + M^ju_{j,mj} ~p_{jv}/d_j } (8) ŕřĺ j, v = 1, n, i = 1, m_j . Ć śĺńş ŕşŋłšă (ą) šěőřěňż 1 śşźěśšćşěš ĺ ěďĺŋśšćěŋŋő řěÿěŋĺě (8), şďőćńěšćőř£¿źěě (3) ĺ (4). Šăłőě řěÿěŋĺě £ćń£ěšś£ ěďĺŋśšćěŋŋżň śšăűĺőŋăřŋżň řěÿěŋĺěň (6).

Ŕşśšĳ x_{j,i} = u_{j,i} − u_{j,i}+1 ďń£ i = 0, . . ., m_j , x_{j,−}1 = x_{j,mj} +1 = 0. Ŋăţőďĺň, ůšő u_{j,}1 = x_{j,}1 + . . . + x_{j,mj} ĺ u_{j,mj} = x_{j,mj} . Ňőęŋő ŕřőćěřĺšĳ, ůšő x_{j,i} d_j = ρ^i_j(ρ_j − 1)

ρ1+mj_j − 1, (9)

ŔŘĚĎĚŃĲŊŻĚ ŠĚŐŘĚŇŻ ĎŃ§ ŊĚŚĹŇŇĚŠŘĹŮŊŻŢ ŠŘĂŊŚŔŐŘŠŊŻŢ ŚĚŠĚĽ1263

čďě ρ_j = M^j/(λ_j d_j). Ğăňěůăěň, ůšő ććĺďş (8) ĺ (9) ćśě u_{j,i} ĺ M_{jv} ćżřăęă¿šś£ ůěřěğ M^j .

Ććěď-ěň ćěłšőřă a = (M 1, M 2, . . ., M^n)^T ĺ b = ( M 1^u1,m1_{d1} , . . ., M n^un,mn_{dn} )^T. Ććĺďş (9) u_{j,mj} ćżřăęăěšś£ ůěřěğ M^j. Ŕőńşůăěšś£, ůšő b ćżřăęăěšś£ ůěřěğ a. Ććĺďş (8) ŕőńşůăěň śĺśšěňş

a^T = (a − b(a))^TP + (b(a))^T ~P . (10)

Ŕşśšĳ u(a) őąőğŋăůăěš řěÿěŋĺě (8), ćżřăęěŋŋőě ůěřěğ a. Ććĺďş šěőřěňż 1 śşźěśšćşěš ĺ ěďĺŋśšćěŋŋő šăłőě řěÿěŋĺě (10), ůšő u(a) ∈ U. §ćŋżě ťőřňşńż ďń£ a ŕő£ćń£¿šś£ ć ůăśšŋżţ śńşůă£ţ, ŕěřěůĺśńěŋŋżţ ć śńěďş¿źěľ šěőřěňě.

Ŕşśšĳ L(u) =^n ∑ j=1 ( m_j∑ i=1 u_{j,i} +^n ∑ v=1 M_{jv} ) . Šěőřěňă 5. Ŕřěďŕőńőęĺň, ůšő P ~P őąńăďăěš ěďĺŋśšćěŋŋőľ ĺŋćăřĺăŋšŋőľ ňěřőľ π = (π1, . . . , π_n)^T, π^TP ~P = π^T, π1 + . . . + π_n = 1, π1 > 0, . . . , π_n > 0.

Śşźěśšćşěš šăłőě ěďĺŋśšćěŋŋőě ζ^∗ > 0, ůšő ă) ěśńĺ ~P = I, šő řěÿěŋĺě (10) şďőćńěšćőř£ěš a − b(a) = ζ^∗π, ą) ěśńĺ P = I, šő řěÿěŋĺě (10) şďőćńěšćőř£ěš b(a) = ζ^∗π, ć) ěśńĺ P = ~P , šő řěÿěŋĺě (10) ěśšĳ a = ζ^∗π.

Śşźěśšćşěš ěďĺŋśšćěŋŋőě řěÿěŋĺě a(ζ) şřăćŋěŋĺ£ a − b(a) = ζπ. Ěśńĺ 0 < ζ1 < ζ2, šő a(ζ1) < a(ζ2). Ăŋăńőčĺůŋőě şšćěřęďěŋĺě ćěřŋő ć śńşůă£ţ ą) ĺ ć).

Ěśńĺ ζ şćěńĺůĺćăěšś£, šő L(u(a(ζ))) şćěńĺůĺćăěšś£. Řěÿěŋĺě ζ^∗ > 0 şřăćŋěŋĺ£ L(u(a(ζ^∗))) = r1d1 + . . . + r_nd_n.

śşźěśšćşěš ĺ ěďĺŋśšćěŋŋő.

Ŕěřěľďěň ł őąőśŋőćăŋĺ¿ ŕřěďńőęěŋŋżţ şšćěřęďěŋĺľ.

Ďőłăğăšěńĳśšćő šěőřěňż 1. Ŕřěďŕőńőęĺň, ůšő p_{jv} + ~p_{jv} > 0 ŕřĺ ń¿ążţ

j ĺ v. Őąőąźěŋĺě ŋă śńşůăľ ¡řčőďĺůŋőľ (P + ~P )/2 ŋě śőśšăćń£ěš šřşďă.

Şřăćŋěŋĺě (6) ňőęŋő ğăŕĺśăšĳ ć ćĺďě

_u = f(u), f : R^α → R^α, u ∈ U ⊂ R^α.

Śşźěśšćőćăŋĺě ĺ ěďĺŋśšćěŋŋőśšĳ řěÿěŋĺ£ ŕřĺ ďőśšăšőůŋő ňăńżţ ćřěňěŋăţ śńěďşěš ĺğ őążůŋőľ šěőřěňż śşźěśšćőćăŋĺ£ ĺ ěďĺŋśšćěŋŋőśšĺ. Ŕşŋłš (ă) šěőřěňż 1 śńěďşěš ĺğ śńěďş¿źěľ ńěňňż.

Ńěňňă 6. Ŕřĺ ń¿ąőň t ňŋőęěśšćő U ĺŋćăřĺăŋšŋő őšŋőśĺšěńĳŋő u(t, ·). Ďőłăğăšěńĳśšćő ńěňňż ŕőďőąŋő [2, ńěňňă 1] ĺńĺ [4, šěőřěňă 2.1]. Ŕěřěľď-ěň ł ďőłăğăšěńĳśšćş ŕşŋłšőć (ą) ĺ (ć).

Ńěňňă 7. Śşźěśšćşěš šăłőľ łőňŕăłš U_ε ⊂ Int(U), łőšőřżľ ĺŋćăřĺăŋšěŋ őšŋőśĺšěńĳŋő őšőąřăęěŋĺ£ u(t, ·) ĺ ∀g ∈ U ğă řăćŋőňěřŋő ňăńőě ćřěň£ t őąřăğ u(t, g) ∈ U_ε.

Ďőłăğăšěńĳśšćő. Ććĺďş [6] ďń£ ďőłăğăšěńĳśšćă ďőśšăšőůŋő ŕőłăğăšĳ ćżŕőńŋěŋĺě śńěďş¿źĺţ ďćşţ ŕşŋłšőć:

(ă) ďń£ ń¿ąőľ ćěřÿĺŋż g ňŋőęěśšćă U ćěłšőř f(g) ŋě řăćěŋ ŋşń¿ ĺ ŕřĺ ďőśšăšőůŋő ňăńżţ δ ćżŕőńŋěŋő g + δf(g) ∈ U,

(ą) ďń£ ń¿ąőľ čřăŋĺ ` ⊂ U (` ≠ U), ďń£ ń¿ąőčő g, ŕřĺŋăďńěęăźěčő őšŋőśĺšěńĳŋőľ ćŋşšřěŋŋőśšĺ `, ćěłšőř g + f(g) ŋě ŕřĺŋăďńěęĺš ăťťĺŋŋőľ őąőńőůłě ¡šőľ čřăŋĺ ĺ ŕřĺ ďőśšăšőůŋő ňăńżţ δ ćżŕőńŋěŋő g + δf(g) ∈ U.

Ŕşŋłš (ă) ŕřőćěř£ěšś£ ŋěŕőśřěďśšćěŋŋő. Ŕěřěľď-ěň ł ďőłăğăšěńĳśšćş ćżŕőńŋěŋĺ£ ŕşŋłšă (ą) ć ŋăÿěľ śĺśšěňě.

Ďń£ ń¿ąőčő g ∈ U ćżŕőńŋěŋĺě g+δf(g) ∈ U ¡łćĺćăńěŋšŋő šőňş, ůšő ňŋőęěśšćő U ĺŋćăřĺăŋšŋő őšŋőśĺšěńĳŋő śĺśšěňż _u = f(u), ůšő ćżšěłăěš ĺğ ńěňňż 6.

Őąőğŋăůĺň ůěřěğ —S ňŋőęěśšćő ćśěţ n2 şŕőř£ďőůěŋŋżţ ŕăř (j, v) űěńżţ ůĺśěń 1 6 j, v 6 n. Ďń£ S ⊂ —S őŕřěďěńĺň ňŋőęěśšćő G_S = {čřăŋĺ ` ⊂ U | ∀ (j, v) ∈ S ∀g ∈ ri ` ⟨g, e_{Mjv} ⟩ > 0 ĺ ∀(j, v) ∈ —S \ S ∀g ∈ ri ` ⟨g, e_{Mjv} ⟩ = 0}. Ěśńĺ S ŕşśšő, šő ∀g ∈ ` ∈ G_S ∀(j, v) ⟨g, e_{Mjv} ⟩ = 0. Ŕőśłőńĳłş L(g) = = r1d1 + . . . + r_nd_n > 0, ŋăľďşšś£ j, i, šăłĺě ůšő ⟨g, e_{uj,i}⟩ > 0, ŋő ĺğ ňőŋőšőŋŋőľ şŕőř£ďőůěŋŋőśšĺ łőőřďĺŋăš ŕőńşůăěň, ůšő ⟨g, e_{uj,1} ⟩ > 0. Ććĺďş śšőţăśšĺůŋőśšĺ ňăšřĺűż P śşźěśšćşěš p_{jv} ≠ 0. Őšś¿ďă ŕőńşůăěň, ůšő ⟨f(g), e_{Mjv} ⟩ = λ_j ⟨g, e_{uj,1}⟩p_{jv} > 0, ă śńěďőćăšěńĳŋő, g + f(g) /∈ a¸ `, ŕőśłőńĳłş ∀h ∈ a¸ ` ⟨h, e_{Mjv} ⟩ = 0.

Ŕşśšĳ šěŕěřĳ S = —S. Ďń£ şďőąśšćă ğăŕĺśĺ ććěď-ěň ćěłšőřă e_{uj,0} =e_{uj,mj +1} =0. Ďń£ ěďĺŋőőąřăğĺ£ ć ŕřěďěńăţ śńěďş¿źĺţ ďćşţ ăąğăűěć ąşďěň śůĺšăšĳ, ůšő ⟨g, e_{uj,0}⟩ = d_j (ŋő ⟨f(g), e_{uj,0}⟩ = 0!). Ďń£ ń¿ąőľ čřăŋĺ ` ∈ G_S śşźěśšćş¿š šăłĺě j ĺ i, ůšő (i) 1 6 j 6 n, 0 6 i 6 m_j ; (ii) ∀g ∈ ri(`) ⟨g, e_{uj,i} ⟩ = ⟨g, e_{uj,i+1}⟩. Ňőęŋő ŕřőćěřĺšĳ, ůšő ⟨f(g), e_{uj,i} − e_{uj,i+1} ⟩ > 0, ůšő ğăćěřÿăěš řăśśňőšřěŋĺě śńşůă£.

Řăśśňőšřĺň śńşůăľ S ≠ —S ĺ S ≠ ?. Ŕřěďśšăćĺň G_S ć ćĺďě őąžěďĺŋěŋĺ£ G_S = G^′_S ∪ G^{′′}_S , čďě G^{′′}_S = G_S \ G^′_S, ă G^′_S = {` ∈ G | śşźěśšćş¿š j, i, šăłĺě ůšő ćżŕőńŋěŋż şśńőćĺ£ (i) ĺ (ii) ŕřěďżďşźěčő ăąğăűă ĺ ∃w (w, j) ∈ S}. Ďń£ ń¿ąőľ čřăŋĺ ` ∈ G^′_S ďń£ ń¿ąőčő g ∈ ` ňőęŋő ŕřőćěřĺšĳ, ůšő ⟨f(g), e_{uj,i} −e_{uj,i+1} ⟩ > 0, ůšő ŕőğćőń£ěš ŕěřěľšĺ ł řăśśňőšřěŋĺ¿ ňŋőęěśšćă G^{′′}_S.

Ŕőśłőńĳłş (P + ~P )/2 > 0, ∃(j, v) /∈ S ∃w (w, j) ∈ S: p_{jv} ≠ 0, ńĺąő ~p_{jv} ≠ 0. Ŕőńĳğş£śĳ šěň, ůšő ∀g ∈ ` ∈ G^{′′}_S ⟨g, e_{uj,1}⟩ ¿ ⟨g, e_{uj,mj} ⟩ > 0, ŕőńşůăěň ⟨f(g), e_{Mjv} ⟩ > 0, ůšő ĺ šřěąőćăńőśĳ.

Ğăňěšĺň, ůšő ěśńĺ śšăűĺőŋăřŋőě řěÿěŋĺě g^∗ śşźěśšćşěš, šő ććĺďş ŕőśńěďŋěľ ńěňňż g^∗ ∈ U_ε. Šăł ęě ňőęŋő ŕřőćěřĺšĳ şšćěřęďěŋĺě (ć) šőńĳłő ďń£ g ∈ U_ε.

Ŕřőćěřĺň ćżŕőńŋěŋĺě şśńőćĺľ šěőřěňż [4, šěőřěňă 3.3] ďń£ ŋăÿěľ śĺśšěňż. Śĺśšěňă (6) őąńăďăěš ğăňěůăšěńĳŋżň śćőľśšćőň: ňăšřĺűă §łőąĺ J(u) ĺğ ůăśšŋżţ ŕřőĺğćőďŋżţ ŕřăćżţ ůăśšěľ (6) ŕő łőňŕőŋěŋšăň ćěłšőřă u ĺňěěš őšřĺűăšěńĳŋżě ¡ńěňěŋšż šőńĳłő ŕő ďĺăčőŋăńĺ ďń£ ń¿ąőčő u ∈ U_ε. Ŕőśłőńĳłş U_ε łőňŕăłšŋő, śşźěśšćşěš

c = max u∈Uε max 16i6α(−J^{ii}(u)).

ŔŘĚĎĚŃĲŊŻĚ ŠĚŐŘĚŇŻ ĎŃ§ ŊĚŚĹŇŇĚŠŘĹŮŊŻŢ ŠŘĂŊŚŔŐŘŠŊŻŢ ŚĚŠĚĽ1265

Őąőğŋăůĺň ůěřěğ I ěďĺŋĺůŋş¿ ňăšřĺűş. Ďăńěě ňż ŕőłăęěň śşźěśšćőćăŋĺě šăłőľ ňăšřĺűż C, ůšő

(i) ∀u ∈ U_ε J(u) + (c + 1)I ¿ C ¿ 0, (ii) śşźěśšćşěš šăłőě c^′ > 0, ůšő ňăšřĺűă c^′C^T £ćń£ěšś£ śšőţăśšĺůěśłőľ ňăšřĺűěľ ŕěřěţőďŋżţ ćěřő£šŋőśšěľ ¡řčőďĺůŋőľ ďĺśłřěšŋőľ űěŕĺ Ňăřłőćă.

Ć ¡šőň śńşůăě ĺğ [4, šěőřěňă 3.3] ćżšěłăěš, ůšő ďń£ ń¿ąőčő τ > 0 őšőąřăęěŋĺě u(τ, ·): U_ε → U_ε £ćń£ěšś£ śęĺňă¿źĺň ś łő¡ťťĺűĺěŋšőň śęăšĺ£, ňěŋĳÿĺň 1, š. ě. ∀g1, g2 ∈ U_ε ‖u(τ, g2) − u(τ, g1)‖ 6 θ‖g2 − g1‖, θ < 1. Şšćěřęďěŋĺ£ (ą) ĺ (ć) šěőřěňż 1 ŕőńşůă¿šś£ łăł śńěďśšćĺ£ šěőřěňż ő śęĺňă¿źěň őšőąřăęěŋĺĺ ć ŕőńŋőň ňěšřĺůěśłőň ŕřőśšřăŋśšćě.

Ďń£ ŕřőćěřłĺ śşźěśšćőćăŋĺ£ ňăšřĺűż C śő śćőľśšćăňĺ (i), (ii) ďőśšăšőůŋő şąěďĺšĳś£, ůšő ŕřĺ ťĺłśĺřőćăŋŋőň u ∈ U ňăšřĺűă J^T(u) £ćń£ěšś£ ňăšřĺűěľ ĺŋšěŋśĺćŋőśšěľ ¡řčőďĺůŋőľ űěŕĺ Ňăřłőćă ĺğ α śőśšő£ŋĺľ ś ŋěŕřěřżćŋżň ćřěňěŋěň. Ĺğ šěőřĺĺ űěŕěľ Ňăřłőćă śńěďşěš, ůšő ŕőśńěďŋěě śćőľśšćő ňőęŋő ŕřőćěř£šĳ ŕřőśšő ďń£ J(u).

Őąőğŋăůĺň śőśšő£ŋĺ£ űěŕĺ ś ňăšřĺűěľ ĺŋšěŋśĺćŋőśšěľ ŕěřěţőďőć J(u) ůěřěğ e_{uj,i} ĺ e_{Mjv} . Ĺŋšěŋśĺćŋőśšĳ ŕěřěţőďă ňěęďş śőśšő£ŋĺ£ňĺ e_l ĺ e_s řăćŋă J_{ls}(u).

Ŕěřěţőďż e_{uj,i} ↔ e_{uj,i+1} ŕřĺ i = 1, . . . , m_j − 1 ĺňě¿š ňěśšő, ŕőśłőńĳłş ůăśšŋă£ ŕřőĺğćőďŋă£ _u_{j,i} ŕő u_{j,i}+1 řăćŋă λ_j > 0, ă ůăśšŋă£ ŕřőĺğćőďŋă£ _u_{j,i} ŕő u_{j,i−}1 řăćŋă M^j /d_j > 0 (őšňěšĺň, ůšő M^j > 0 ŕőśłőńĳłş u ∈ U_ε).

Ŕřőĺğćőďŋă£ _u_{j,i} ŕő M_{kj} řăćŋă μ_{kj}(u_{j,i−}1 − u_{j,i})/d_j > 0, ă śńěďőćăšěńĳŋő, ŕőńşůăěň ŋăńĺůĺě ŕěřěţőďőć e_{uj,i} → M_{kj} ďń£ ŕřőĺğćőńĳŋőčő k.

Ćğ£ć ůăśšŋş¿ ŕřőĺğćőďŋş¿ _M_{jv} ŕő u_{j,}1, şąěęďăěňś£ ć ŋăńĺůĺĺ ŕěřěţőďă e_{Mjv} → e_{uj,1} ŕřĺ p_{jv} > 0 ĺ ŕěřěţőďă e_{Mjv} → e_{uj,mj} ŕřĺ ~p_{jv} > 0.

Śńěďőćăšěńĳŋő, ďń£ ń¿ąőčő k ěśšĳ őŕőśřěďőćăŋŋă£ ść£ğĳ e_{Mjv} → e_{Mkj} ŕřĺ p_{jv} + ~p_{jv} > 0. Ć śĺńş šőčő, ůšő (P + ~P )/2 > 0, ćśě śőśšő£ŋĺ£ {e_{uj,i} , e_{Mjv} } £ćń£¿šś£ śőőąźă¿źĺňĺś£. Ŕőśłőńĳłş U_ε őšďěńěŋő őš čřăŋĺűż U, śćőľśšćő ść£ğŋőśšĺ śŕřăćěďńĺćő ďń£ ń¿ąőčő u ∈ U_ε ĺ ŋě ŋăřşÿăěšś£ ŕřĺ ćğ£šĺĺ ňĺŋĺňşňă ŕő ćśěň šăłĺň u ∈ U_ε, ă śńěďőćăšěńĳŋő, (i) őąőśŋőćăŋő, ă šěőřěňă 1 ďőłăğăŋă.

Ĺğ őąźěľ šěőřěňż ő śţőďĺňőśšĺ ňăřłőćśłĺţ ŕřőűěśśőć (śň. [8, čńăćă 1, šěőřěňă 6.1]) ăŋăńőčĺůŋő [2] ĺńĺ [4] ŕőłăğżćăěšś£ śŕřăćěďńĺćőśšĳ šěőřěňż 2.

Šěőřěňă 3 ćżšěłăěš ĺğ šěőřěňż 2 ĺ, ŋăŕřĺňěř, [8, čńăćă 4, šěőřěňă 2.11]. Łřőňě šőčő, šěőřěňş ňőęŋő ŕőńşůĺšĳ ĺğ šěőřěň ő śţőďĺňőśšĺ ůĺśšő śšşŕěŋůăšżţ ňăřłőćśłĺţ ŕřőűěśśőć [7, šőň 2, čńăćă IX, ŕăřăčřăť 4b]. Šăň ęě ůĺšăšěńĳ ŋăľď-ěš őűěŋłş śłőřőśšĺ śţőďĺňőśšĺ (őšłńőŋěŋĺě ĺňěěš ŕőř£ďőł 1/ √ N ).

Ďőłăğăšěńĳśšćő šěőřěňż 4. Ĺğ łőňŕăłšŋőśšĺ U ćżšěłăěš, ůšő ćěřő£šŋőśšŋżě ňěřż ŋă U_N őąřăğş¿š ňŋőęěśšćő, łőňŕăłšŋőě őšŋőśĺšěńĳŋő śńăąőľ śţőďĺňőśšĺ. Ĺğ šěőřěňż 2 śńěďşěš, ůšő ćś£łă£ ňěřă μ, £ćń£¿źă£ś£ ŕřěďěńĳŋőľ šőůłőľ ďń£ ŕőśńěďőćăšěńĳŋőśšĺ ňěř μ_N η_N , ĺŋćăřĺăŋšŋă őšŋőśĺšěńĳŋő őšőąřăęěŋĺ£ u(t, ·): U → U. Ććĺďş ŕşŋłšőć (ą) ĺ (ć) šěőřěňż 1 μ śőćŕăďăěš ś ňěřőľ, śőśřěďőšőůěŋŋőľ ć šőůłě g^∗, ůšő ğăćěřÿăěš ďőłăğăšěńĳśšćő.

Şšćěřęďěŋĺ£ šěőřěňż 5 ŕřőćěř£¿šś£ ŋěŕőśřěďśšćěŋŋő őążůŋżňĺ ňěšőďăňĺ ňăšěňăšĺůěśłőčő ăŋăńĺğă.

Ăćšőř śůĺšăěš ŕřĺ£šŋżň ďőńčőň ćżřăğĺšĳ ąńăčőďăřŋőśšĳ śćőěňş ŋăşůŋőňş řşłőćőďĺšěń¿ Ń. Č. Ăťăŋăśĳěćőľ ğă ćőőďşÿěćń£¿źĺě őąśşęďěŋĺ£ šěňż ĺ śőďěřęăŋĺ£ ¡šőľ řăąőšż.

Ńĺšěřăšşřă

[1] Afanassieva L. G., Fayolle G., Popov S. Yu. Models for transportation networks // Journal of Mathematical Science. | 1997. | V. 84, no. 3. | P. 1092{1103.

[2] Ććěďěŋśłă£ Ŋ. Ď., Ďőąřşÿĺŋ Ř. Ń., Łăřŕěńěćĺů Ť. Ĺ. Śĺśšěňă őąśńşęĺćăŋĺ£ ś ćżąőřőň ŋăĺňěŋĳÿěľ ĺğ ďćşţ őůěřěďěľ | ăśĺňŕšőšĺůěśłĺľ ŕőďţőď // Ŕřőąńěňż ŕěřěďăůĺ ĺŋťőřňăűĺĺ. | 1996. | Š. 32, ćżŕ. 1.

[3] Vvedenskaya N. D., Suhov Yu. M. Dobrushin’s mean-˛eld approximation for a queue with dynamic routing // Markov processes and related ˛elds. | 1997. | No. 3. | P. 493{526.

[4] Khmelev D. V., Oseledets V. I. Mean-˛eld approximation for stochastic transportation network and stability of dynamical system. | Preprint in the University of Bremen, Germany. | 1998.

[5] Mitzenmacher M. The power of two choices in randomized load balancing. | PhD thesis, University of California at Berkley, September 1996.

[6] Ţňěń-ěć Ď. Ć. Ő śşźěśšćőćăŋĺĺ ĺŋćăřĺăŋšŋőčő łőňŕăłšă ćŋşšřĺ ťăğőćőčő ŕřőśšřăŋśšćă ďĺŋăňĺůěśłőľ śĺśšěňż // Šřşďż łőŋťěřěŋűĺĺ ňőńőďżţ şůěŋżţ ŇČŞ 1998 č.

[7] Ęăłőď Ę., Ÿĺř£ěć Ă. Ŋ. Ŕřěďěńĳŋżě šěőřěňż ďń£ śńşůăľŋżţ ŕřőűěśśőć. Š. 3. | Ň.: Ŋăşłă, 1994.

[8] Either S. N., Kurtz T. G. Markov processes characterization and convergence. | N.Y.:

John Willey and Sons, 1986.

Śšăšĳ£ ŕőśšşŕĺńă ć řěďăłűĺ¿ ć ďěłăąřě 1998 č.